*(|fr'ij«iW*»r*«^-> -v -2-Rice's paper Is mentioned in that the formula for the expected number of crossings of a fixed level by a stationary faussian process is often referred to as Rice's formula, in view of his exposition in the Pell System Journal.
Since Rice's work there has been much attention given to the problem of determining the minimal hypothesis under which this formula can be rigorously shown to apply. The complete answer was given by Ylvisaker.
Ylvisaker proves that if X(t) is a continuous stationary Gaussian process with mean function zero, then Rice's formula for the expected number of crossings of a certain level a in a given time interval always holds, in the sense that if p"(0) does not exist, or is not continuous, then the expected number of crossings is +«>.
Unlike Rice [8) and Kac [2) , Ylvisaker uses a method which does not count tangential a-points. It is then necessary to prove that with probability 1 there are no tangential a-points. This is accomplished by first showing that the random variable sup X(T) has a continuous a<T<b distribution, hence it is equal to some fixed point a with probability 0. That there can be no tangential (from below) a points follow from the To find the expected number of a-points in the time interval (0,t)
we define the auxiliary variables U -1 if (X((k-l)2" n t)-a)(X(k2" n t)-a) < 0 0 otherwise. k-l,2,...,2
.n Then Z " > U is the number of a-crossings by the discrete time process X(k) -X(k2 t). Z Is a nandecreasing sequence and as would n be expected its limit Z is the number of a-crossings of the X(T) process.
Since the U are identically distributed.
EZ -= L (2 n EU ); n n, k so all that remains is to find EU .
By the definition of U , n k EU -Pr{[X((k-l)2" n t)-al'(X(k2" n t)-a] < 0}.
For simlplicity let Y -X((k-l)2" n t), Z -X(k2" n t), then As in Section 1, the problem is then to find the limits; lim kn _ ;" 2 Pr U n-« 0 ' n.
V = 1} '
k and to show that the limit of the integral is in fact the integral of the limit.
In the Cramer-Leadbetter paper it is shown that >. (0,+«), and p.icijy) is the joint density function of (X* (t ),... .X'(t ) .XCt.),. .. .XU,) ) and a is the vector k -dimensional vector (a,...,a) .
It should be pointed out that neither the considerations leading to the expression for Z . nor the resulting formula of Cramer-Leadbetter depend on normality or stationarity. In fact if the vctor a in i) is replaced by a(t), the formula i) is meaningful for continuous curves a(t). All that has been required is that the process X(t) have some sort of sample derivative X'Ct). In Ylvisaker's first paper [9] it was shown that if X'Ct) did not almost surely exist ; ;
■15-'ln this paper, upcrossinps, downcrossings and tangencies to levels and curves are discussed within a general framework. The mean number of crossings of a level (or curve) is calculated for a wide class of processes and it is shown that tangencies have probability zero in these cases. This extends results of Ito and Ylvisaker for stationary normal processes, to non-stationary and non-normal cases.
In particular, the corresponding result given by Leadbetter and Cryer for normal, non-stationary can be slightly improved to apply under minimal conditions. An application is also given for an important non-normal process", (namely the envelope of a stationary normal process). (Author's introduction, Annals of Mathematical Statistics, Vol. 37, 1966 .)
The biggest value of this paper may not be its theorems so much as the intrinsic value of their proofs and the discussions. It is shown just how far one may proceed with virtually no regularity conditions in the most general case; and specific results are obtained as corollaries.
Among other important results it is shewn that under very broad considerations there will, with probability 1, be no tangencies. This has a unifying effect on the previous papers mentioned in that depending on the method used to count crossings these prior formulas for the expected number of crossings may or may not have counted tangencies.
As an application Leadbetter considers the "envelope" R(t) of a stationary normal process as defined by Rice (Section 3.7-3.9) and others, and -u 2 /2 proves that the expected number of crossings of a level u is equal to e times the expected number of crossings of the level u -0.
(This latter expectation is also computed.) It is mentioned that the expected number of * I I l.
-16upcrossings and the expected number of downcrossings are each exactly one-half the above quantity.
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